1. Introduction. In this paper we study a system of partial differential equations introduced by MacCamy [6] as a model for predator-prey interactions. This system, in one space dimension, has the form (i.i) v, = ~{vux)x, and is based on the assumption that dispersal is completely controlled by the predator-prey interaction and occurs on a time scale sufficiently fast that births and deaths are negligible. Here m(jc, t) and v(x, t) are the spatial densities of the species (and as such will always be constrained to satisfy u, v > 0), x e IR denotes spatial position, / > 0 is the time, and subscripts indicate partial differentiation with respect to the corresponding variable.
If we write the right-hand side of (1.1) as a matrix M(u,v) times the column vector (uxx, vxx) plus a term involving derivatives of lower order, then M(m, v) has eigenvalues ±i/uv, (1.2) and the system cannot easily be classified, as it is of no specific type. Because of this we expect (1.1) to exhibit nontypical behavior, and it is our purpose here to verify this expectation by deducing several explicit solutions with interesting properties. In particular, we deduce solutions which contain shocks (jumps in u and v) and solutions which " blow up" to delta functions in finite time. Moreover, in one solution the shocks develop from continuous initial data. a system which arises as a limiting case when studying populations that disperse to avoid crowding (see [3] ). Here the species are repulsive, as each disperses as a response to population pressure of the other. In this instance M(u, v) has eigenvalues + -fuv and, as before, we find a solution with shocks. The behavior of this solution is quite interesting (see [3] , Sec. 4, Case (iii)): the species are initially mixed but segregate in finite time.
Whether the initial-value problems for the systems (1.1) and (1.3) are well-posed is an open question well beyond the scope of this paper. For (1.3) well-posedness cannot be expected, since here M(u,v) has a negative eigenvalue. Further, the analogous linear system is clearly ill-posed, since u -v satisfies the backward heat equation.
For completeness we give a careful derivation of the systems (1.1) and (1.3) together with some related results concerning shock waves. In an appendix we give the precise sense in which u and v solve the underlying initial-value problems.
2. Basic equations. As with most continuum theories, our theory makes use of conservation laws of the form^ Jh f(x,t) dx = h(b,t) -h(a,t), (2.1) where, for a particular species, f(x,t) represents the spatial density and h(x,t) the population flux. More precisely, f(x, t) is the number of individuals, per unit length, at while h(x,t) is the number of individuals that cross x (from right to left) per unit time. When the dispersal velocity is known, h is given by the formula h = -(density)(dispersal velocity).
To avoid repetition, we say that / and h balance if (2.1) holds for all a, b e R and t > 0. When this is the case, / and h satisfy the local conservation law /, = K (2-2) wherever smooth. We here consider the dispersal of two biological species in R. The species are assumed to have spatial densities u(x,t) and v(x,t) and dispersal velocities q(x,t) and g(x,t), respectively. We assume further that the species disperse sufficiently fast that population changes due to births and deaths are negligible. Then balance of population requires that u and -uq balance, and that v and -vg balance.
PREDATOR-PREY DISPERSAL 341 a. Predator-prey. Let the predator have density v, the prey density u. We model the predator-prey interaction by means of the constitutive equations 9 = ~vx, g = "*» so that the prey disperse in the direction of decreasing predator population, the predators in the direction of increasing prey population. (There is no loss of generality in not putting strictly positive constants before vx and ux, since the form of the conservation law allows us to remove such constants by rescaling u and v.) In the presence of sufficient smoothness, the conservation law and constitutive equations together yield the following system of partial differential equations:
An interesting feature of the system (2.3) is invariance under the transformation
b. Repulsive species. Consider two species, each of which disperses away from the other.1 A possible model for such behavior is based on the assumption that the velocity of u be proportional to vx and point in the direction of decreasing v, and similarly for the velocity of v. More precisely, we take as our constitutive assumption <2-5> which leads to the partial differential equations
3. Relations across shocks. To study both of the foregoing systems simultaneously, we rewrite the constitutive equations as
with k = -1 predator-prey, k = 1 repulsive species.
The underlying partial differential equations are then [3, 5] for a model in which dispersal is driven by total population.
We will always use the term solution2 to signify that u and -uq balance, as do v and -vg, with q and g given by (3.1). The solutions we will discuss will contain shock waves, that is, moving fronts x = X(0 across which u or v suffers jump discontinuities. As is well known, to ensure that the conservation law (2.1) is satisfied we must adjoin-to the system (3.2), which is required to hold away from all shocks-the jump condition(s)
across each shock (e.g., see [4] , Sec. 73).
Here and in what follows we use the standard notation
[f]=r-r, f±it) = f(x(t) ±o,t).
To apply the theory of conservation laws, / and h in (2.1) must be functions. Consider the conservation law for u in which / = u and h = uvx. If v suffers a jump discontinuity, then vx is a distribution; this will not be a problem, however, provided u is continuous with value zero at x = X(t), for then uvx behaves as a function. A similar argument applies to the conservation law for v. We therefore restrict our attention to the following two types of shocks:
(i) u-shock for which
(ii) v-shock for which
When discussing the predator-prey system we will use the term prey shock rather than w-shock, predator shock rather than u-shock. Trivially, the jump condition (3.3) yields two relations:
0.6)
However, in each of the cases (i) and (ii) we need only consider one of (3.6), since (3.6)! is satisfied automatically ^ f or a u-shock, (3.6)2 for a w-shock.
Several results hold for shocks that move into, or out of, unpopulated regions. Thus assume, for the remainder of the section, that u(x, t) and v(x, t) vanish for x > X(t) or for x < X(t), at least for x sufficiently close to X{t). We will say that the region to the right or left, respectively, is unpopulated to signify these two possibilities. In view of (3.4), (3.5), and (3.7), the jump conditions (3.6) are together equivalent to the single relation X=-ku± (3.8)
for a o-shock, and to the single relation X=-vx± (3.9)
for a M-shock, where in (3.8) and (3.9) the plus or minus sign is chosen according as the region to the left or right is unpopulated. Consider now a u-shock with the region to the left unpopulated. Since u is continuous across x = X{t), while ux and ut suffer at most jump discontinuities, we have the classical compatibility condition (e.g., see [4] , p. 250) kl= -x[ux\.
Further, by (3.2)x and (3.5), K = Ux K ■ Also, for X # 0 we may use (3.8) to conclude that ux ¥= 0; hence the last two relations imply that X = -v* . Similar relations apply to the other cases of interest, and therefore, appealing to (3.8) and (3.9), we are led to the following Proposition. Assume that X + 0. Then
with the plus or minus signs chosen according as the region to the left or right is unpopulated.
In view of the constitutive equation (3.1), the relations (3.10) have the following interpretation:
the dispersal velocities of the two species at the shock and the velocity of the shock coincide. (Such shocks are therefore contact discontinuities.) 4. Solutions of the predator-prey system a. Similarity solutions. Following [2, 5, 7] , we seek similarity solutions of the form u(x,t) = r^uU), v(x,t) = r^v(0, (4.1)
Substituting these relations into (2.3) leads to the equations
Here we do not seek the most general similarity solution, but rather a simple solution with interesting properties; we therefore satisfy (4.2) by taking
These functions cannot yield solutions for all £, as K(|) is negative for ||| large. We can, however, use pieces of these functions to generate solutions on all space. We consider two cases. 
Let
[/(O^U2-^2),
U(£) = V(i) = 0 otherwise.
Here x = Qt1/3 is a prey shock, x = Ptl/3 a predator shock, with (3.9) satisfied across the former, (3.8) across the latter, so we again have a solution (see Fig. 2 ). We also have a similar solution supported in--P and a third solution obtained by adding this and (4.4). 
In fact, as t f T, u(-,t) and v(-,t) approach Dirac distributions (delta functions).
By similar transformations of the solutions of Case 2 we can generate other solutions which " blow up" in finite time.
b. Piecewise-affine solutions. We begin with some local solutions of the system (2.3). with a, b > 0 constants. We expect the predators to move into the field of prey, leaving behind stationary prey; we therefore look for a solution of the form shown in Fig. 3 . By (a) and (/}), Eqs. (2.3) will be satisfied in each of the three regions, and the initial conditions (4.5) will hold for x ¥= 0 provided only that, in Region III, u(x, t) = a(x + bt), v(x, t) = b(x -at).
As is clear from Fig. 3, we should allow for a prey shock y(I, II) i>(x,0) = i>0(*)
5. Repulsive dispersal: a solution that segregates. Here we consider the system (2.6) with piecewise-linear initial conditions
a,b, L > 0 constants, so that initially the two species are mixed in the interval ( -L, L), segregated otherwise. As in Sec. 4b we construct a piecewise-affine solution using the results (a) and (/?) in conjunction with the relevant jump conditions. We shall simply present the resulting solution, and to do this succintly we introduce the constants 
The solution is given in Fig. 6 . There are two shocks: a w-shock x --L + at and a u-shock x = L -bf, these shocks are present for times 0 < t < T and coalesce at t = T (see Fig. 7 ).
The most interesting feature of this solution is that for times t ^ T the two species are segregated and at equilibrium (see Fig. 7 ).
Note also that outside the region (-L, L) the species do not disperse. In this connection, the restrictions of u and v to {(x, t): -L < x < L, t > 0} furnish a solution corresponding to an isolated habitat (-L,L), as there is no population flux across the boundary points x = ±L: uv\ -vur = 0 at x = +L for t > 0. 
